We rigorously discuss the large-N thermodynamics of a Bose gas with a short-range two-body potential. Considering the system as a mixture of N identical components with symmetrical interaction we calculated numerically the temperature dependence of the leading-order corrections to the depletion of Bose-Einstein condensate and to the isothermal compressibility.
I. INTRODUCTION
The 1/N expansion is known to be a powerful tool in the field theory [1] and in the condensed matter physics, where it allowed to describe the properties of frustrated quantum antiferromagnets [2] , strongly-coupled low-density quantum gases [3] , unitary Fermi superfluids [4] , fermions possessing the finite-temperature Stoner instability [5] , graphene [6, 7] , impurity states in the dilute critical Bose condensate [8] , etc. It has also been proven as a valuable method for the approximate calculations of critical exponents [9] . In the large-N limit some of fieldtheoretical [10] and statistic-mechanical [11] models can be solved exactly and every time the behavior of these systems is highly non-trivial [12] .
The large-N expansion in the context of Bose systems' theory was previously used in different variations including summation of diagrams in a particle-hole channel for the Galilean-invariant [13, 14] , relativistic [15] , and twocomponent [16] many-boson systems as well as ladder summation of particle-particle diagrams for the normal state Bose gases [17] , but the full numerical analysis of the problem at finite temperatures in the Bose condensed phase is lacking. The application of this method to two-dimensional Bose systems [18] revealed very interesting phenomenon, namely, the appearance of thermallystimulated roton minimum in the spectrum of collective excitations. Recently, we have demonstrated [19] that the application of this technique to the problem of critical temperature calculation for a Bose gas with point-like repulsive interaction leads to the result which coincides semi-quantitatively well with that of the Monte Carlo simulations [20, 21] in a whole range of the interaction parameter. The latter observation inspires confidence in the use of the large-N -based expansion for studying of the finite-temperature thermodynamic properties of Bose gas not only in the dilute limit. * e-mail: volodyapastukhov@gmail.com
II. MODEL AND METHOD
We consider Bose mixture consisting of N identical components with symmetric zero-range interparticle interaction Φ(r) = (g/N )δ(r) ∂ ∂r r, where the coupling constant is related to the s-wave scattering length a and mass of particles m in the following way: g = 4π 2 a/m. This model after introducing auxiliary real field ϕ(x) and making use of the Hubbard-Stratonovich transformation is described by the following imaginary time action [19] 
dτ V dr, periodic complex fields ψ σ (x) describe N sorts of Bose particles those number is controlled by chemical potential µ and the summation over repeating index σ = 1, 2, . . . , N is implied. As usual, in the symmetry broken phase one singles out the condensates of two fields ψ σ (x) = ψ 0 +ψ σ (x), ϕ(x) = ϕ 0 +φ(x) with constraints V drψ σ (x) = V drφ(x) = 0 imposed on the fluctuational terms. The steepest descend method for the grand canonical potential (∂Ω/∂ϕ 0 ) ψ0 = 0, (∂Ω/∂ψ * 0 ) ϕ0 = 0 fixes the value of iϕ 0 = ng (n is the density of each sort of particles) and generates the "gap" equation
where T is the temperature and . . . four-momentum space reads
where capital letters denote four-momenta P ≡ (ω p , p = 0), Q ≡ (ω q , q = 0) (here ω q , ω p are bosonic Matsubara frequencies) andξ p = ε p −μ with ε p = 2 p 2 /2m being the free-particle dispersion. We also used notation for the shifted chemical potentialμ = µ − ng.
The action (2.3) without the last term is a quadratic form over fields ψ σ,P , ϕ Q and the problem of calculation of the appropriate averages ψ * σ,P ψ σ ,P , ψ σ,P ψ σ,−P , ψ * σ,P ϕ P , etc.
reduces to the diagonalization of quadratic matrix of size 2N + 1. It is important to note that these calculations can be exactly performed in general case for an arbitrary N with the result
where δ σ,σ is the Kronecker delta. At this stage the formulated approximation is nothing but the celebrated Bogoliubov theory for N -component Bose system with symmetric inter-and intra-species interactions and characteristic quasiparticle spectrum E 2 q =ξ 2 q +2ξ q n 0 g (where n 0 ≡ |ψ 0 | 2 ). Furthermore, by setting N = 1 in Eqs. (2.4), (2.5) we recover (up to a sign, of course) the well-known expressions (see, for instance [22] ) for the normal and anomalous Green's functions in the simplest approximation. The inclusion of last term in action brakes the exact integrability of the partition function, but in the leading order over the expansion parameter 1/N the result is easily obtained. To do this, one has to replace in above formulas the bare interaction parameter g by the density-fluctuation-induced effective potential g(Q) ≡ g/[1 + gΠ(Q)], where the polarization operator reads
The diagrammatic equation that determines effective potential g(K) (wavy line) to the leading order. The dashed line stands for g, dots are bare vertices equal to −i, and arrows represent the ideal Bose gas correlators ψ * σ,P ψσ,P (the first term in Eq. (2.4) ).
Additionally, we have to shiftξ p →ξ p + Σ
(1) (P )/N the denominator in the first term of Eq. (2.4) by the 1/N -correction to the diagonal element of self-energy (see Fig. 2 ) Σ
(1) (P ), which in our approximation equals to
(where E(Q) = E q | g→g(Q) ). A very important fea- ture of our approximation is that it preserves the Nepomnyashchy-Nepomnyashchy identity [23] for the self-energy of normal Green's function. Indeed, taking the limit P → 0 in the above self-energy and substituting Eq. (2.6) (with the replacement g → g(Q)) in the "gap" equation (2.2) one readily obtains thatμ = Σ (1) (0)/N . This guarantees for the one-particle spectrum (which coincides with the spectrum of collective modes in this approximation), in accordance to the Hugengoltz-Pines relation [24] , to be gapless in the Bose condensate phase. At high temperatures the quantity Σ
(1) (0)/N −μ is always positive definite and up to the leading order in the expansion over 1/N plays a role of an effective chemical potential that signals the occurrence of the Bose-Einstein condensation (BEC) transition. A very similar parameter appears in extension of the Beliaev technique [25] on the finite-temperature region. Finally it should be emphasized that the formulated approach has much in common with the so-called dielectric formalism [26] [27] [28] applied to Bose condensed systems, where the analogue of our leading-order 1/N -treatment is the celebrated Random Phase Approximation (RPA). But despite dielectric formalism the large-N technique allows to perform controllable approximate calculations in terms of formal dimensionless expansion parameter 1/N , which leads to the disparity in results of two approaches even in the simplest approximation. Particularly a very important self-energy correction (2.9), which is of order 1/N and renormalizes the one-particle spectrum as well as shifts the critical temperature of an interacting Bose system is not taken into account in the original RPA. A possible resolution of this problem can be found in various generalizations of the RPA, which were comprehensively studied in Refs. [29] .
III. RESULTS AND DISCUSSION
Having calculated correlator (2.4) up to 1/N -terms we are in position to obtain the thermodynamic functions and the Bose condensate depletion. The main differences between large-N expansion and Bogoliubov's theory are expected at finite temperatures, especially in the narrow region of critical point, where developed thermal fluctuations have a profound effect on the behavior of Bose systems.
Both the temperature and interaction-induced depletion of the BEC density of each sort can be calculated in a standard manner
where in the adopted approximation we have to substitute ψ * σ,P ψ σ,P = (2.4)
) and to replaceμ → 0 in all 1/N -terms. We also had to take into account the shift of critical temperature up to order 1/N . The numerical computations of the temperature dependence of n 0 (see Fig. 3 ) were performed at N = 1 and for three values of gas parameter, namely an 1/3 = 0.01, 0.125 and 0.345. The last two correspond to maximum of the critical temperature shift and to the value where it becomes zero again [19] , respectively. From the obtained graphical dependences of condensate density the general prosperity is clearly viewed: the increase of two-body interaction lifts up the condensate curve rescaled on the ground-state (Bogoliubov's in our case) value above the ideal gas result. This conclusion of the large-N approach should be compared with the various finite-temperature self-consistent beyond-Bogoliubov treatments [30] [31] [32] [33] [34] and numerical approaches [35] . Moreover, recent experimental test of the Bogoliubov ground-state depletion [36] gives a hope for the forthcoming verification of our finite-temperature results. The distinct feature of the 1/N expansion is that it possesses the non-trivial critical behavior. In particular, it is easy to show by analyzing the zero Matsuraba frequency term in Eq. (3.10) that the condensate depletion demonstrates a logarithmic non-analyticity in the close vicinity of BEC transition temperature T c n 0 /n ∝ δt − 4 N π 2 δt ln δt + . . . , [8, 40] obtained with the same accuracy determine the critical behavior of the three-dimensional Bose system in the large-N limit.
In the present article we also focus on the derivation of the 1/N -correction to inverse susceptibility (∂µ/∂n) T . This quantity determines the velocity of the first sound c 2 = n m (∂µ/∂n) T in the Bose condensate and can be measured in the appropriate experiments. The simplest way to deal with the problem of its calculation in the Bose-condensed phase is first to obtain the beyond-meanfield correction to the chemical potential with the use of Eq. (2.2) (or equivalently Eq. (2.9))
where 1/N -shift is given by
gε q E q n(E q /T ), (3.13) here n(x) = 1/(e x − 1) is the Bose distribution and we singled out standard Bogoliubov's corrections (last two terms) explicitly, and then to evaluate straightforwardly the derivative with respect to n.
The results of numerical calculations for the temperature dependence of the compressibility are presented in Fig. 4 . In order to compare regimes of various coupling strength we have chosen the same values of the gas parameter as previously used for the condensate calculations. From general arguments it is become clear that the temperature effects should be more visible in the behavior of the sound velocity of a dilute Bose gas, while in the case of intermediate interaction strength the compressibility due to increasing role of phonon excitations is less sensitive to the temperature changes. These intuitive conclusions are confirmed by direct numerical computations and the general tendency of obtained curves is in the qualitative agreement with the observed temperature behavior of the first sound velocity in liquid 4 He [41] . As it is seen from Fig. 4 the calculated isothermal compressibility is finite at T c , but one can easily show that likewise the condensate depletion (3.11), its leading-order temperature dependence is log-linear in the vicinity of the critical point. Obviously this is a hint for an universal power-law behavior of the inverse susceptibility close to the BEC transition temperature.
IV. CONCLUSIONS
In summary, by means of the 1/N -expansion we studied the thermodynamic properties of Bose gas in the condensed phase. At absolute zero this approach in the simplest approximation recovers the well-known results for thermodynamics of a weakly-interacting Bose gas, but the presence of a formal small parameter, namely, the inverse number of components allows to perform controllable calculations not only in the dilute limit. The main differences of our consideration in comparison with the conventional Bogoliubov theory were found in the finitetemperature region, where the large-N expansion provides the qualitatively correct shift of the Bose-Einstein condensation critical temperature, changes an order of phase transition and generally impacts crucially on thermodynamics of the system. Particularly working in the first order over the expansion parameter we determined the full temperature dependence of the condensate density for a Bose system with the point-like repulsion. By varying interparticle interaction we were able to cover both the dilute limit and the case of intermediate couplings for which the calculated in present article temperature behavior of the Bose condensate is in qualitative agreement with the observed (see, for instance [42] ) in Monte Carlo simulations dependence of condensate fraction in the superfluid helium. The evaluation of inverse susceptibility revealed a natural tendency of sound velocity to become less sensitive to the thermal effects with increasing strength of the repulsive two-body potential. The proposed approach, after some modifications, can be used for the describing of recent experiment [43] which has made available the measurements of the finite-temperature behavior of sound velocity in the uniform two-dimensional Bose gas. Finally, it is meanwhile shown that the large-N expansion is capable to capture the correct temperature dependence of basic thermodynamic functions of Bose condensates both in the lowtemperature limit and in narrow region of the critical point, and can be used for describing future experiments with uniform quantum gases.
